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Summary

Motivation: equivalence query in automata learning

Provide a categorical framework for testing black-box systems
Generalise the gist of the completeness proof for DFAs/Mealy machines to a categorical level
Based on recent work [KR25]
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Idea of conformance testing
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Testing
To decide equivalence, the only thing we can do is testing!
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✓ ✓ ✗

(a) Specification

1c 11e 11ec

✓ ✓ ✓✗

(b) Implementation

What if we pass all the tests?
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Completeness

Testing cannot be exhaustive: for any test suite, we can construct a (large) faulty
implementation that passes all the tests

More formally, no complete test suite exists
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Completeness

To obtain completeness, we restrict the space of possible (faulty) implementations

Definition ([VFM24])
A fault domain is a collection of DFAs.

E.g. Um = {M | M has at most m states}

Fix a specification S

Definition ([VFM24])
A test suite T ⊆ Σ∗ is complete for S with respect to a fault domain U if LS ∩ T = LM ∩ T
implies LS = LM for allM∈ U .

How do we construct complete test suites?
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The W-method [Cho78, Vas73]
We need:

P ⊆ Σ∗ state cover: words that cover the state space
W ⊆ Σ∗ characterisation set: words that distinguish states

T k
P,W = P · Σ≤k+1 ·W

Tests are constructed from 3 components:
an access sequence (in P) to reach a specific state in S;
an infix (in Σ≤k+1) to cover all states and transitions inM;
a distinguishing sequence (in W ) for testing the reached states in S andM.

Theorem
Suppose S has n states. Then T k

P,W is complete for S with respect to Un+k .
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Proof of completeness

Two steps:

Construct a state cover for the implementation(!!!) from the state cover of the
specification ← need assumptions on the implementation
Prove equivalence from assumption that all tests pass

Lemma ([KJR24])
Let S andM be two DFAs, and suppose C is a state cover forM and W is a characterisation
set for S. Let T = C · Σ≤1 ·W . Then LS ∩ T = LM ∩ T implies LS = LM.

This lemma was generalised to a categorical setting in [KR25]; we improve on that work
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Automata in categories [AM75]

FQ

I Q O

δ

i f

We assume that free F -algebras (TFX , γX , ηX ) exist and that TF is strong
TF I is the object of inputs, γI is an extension operation, ηI is the trivial input

For any automaton A, we get three maps:
reachability map rA : TF I → Q: maps an input to the state reached upon processing it
behaviour map BA : TF I → O: maps in an input to an output
observability map oA : Q → [TF I ,O]: maps a state to its behaviour

Examples:
DFAs, NFAs, weighted automata, deterministic nominal automata: FX = X ⊗ Σ for an
alphabet Σ
tree automata: FX =

∑
f ∈Σ X ar(f ) for an algebraic signature Σ
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State covers and characterisation morphisms

‘Sets of inputs’ ∼ morphisms into TF I

Definition

A morphism c : C → TF I is called a state cover for A if C c−→ TF I
rA−→ Q is a split epi

(and ηI factors through c).

This notion is too strong (existence not guaranteed) ⇒ we need weak state covers

Definition
A morphism w : W → TF I is called a characterisation morphism for A if

Q
oA−−→ [TF I ,O]

[w ,id]−−−→ [W ,O] is a mono
(and ηI factors through w).
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Main theorem

Recall:

Lemma ([KJR24])
Let S andM be two DFAs, and suppose C is a state cover forM and W is a characterisation
set for S. Let T = C · Σ≤1 ·W . Then LS ∩ T = LM ∩ T implies LS = LM.

Theorem
Let S andM be two automata. Suppose c is a weak state cover forM and w is a
characterisation morphism for S. Let t = c+ · w . Then BS ◦ t = BM ◦ t implies BS = BM.

c+ = [c, γI ◦ Fc]: obtained by extending inputs in c with one symbol
a · b = m ◦ (a⊗ b): concatenation of the inputs in a and in b
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Conclusion

We provided a categorical framework for proving completeness of test suites for a wide range
of automaton models

We generalised the results of [KR25], but the framework is more abstract and cleaner
New applications: all adjoint automata and tree automata

Future work:
Find abstract conditions on the implementation that allow us to construct state covers for
the implementation from state covers of the specification
Create abstract algorithms for constructing state covers and characterisation sets
Implement algorithms for concrete models
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